EE 503
Final Part 1 Solution
Fall 2019, 55 Minutes, 100 Points

Problem 1. (20 points.)

a. Let X be a discrete random variable with P(X = 1) = %, P(X=2)= i
and P(X =4) = ;. Find F[X] and Var(X).
Solution:
1 1 1
EIX] = 1-242--44.-=2
[ ] 2 + 4 + 4
1 1 1 11
E|X? = 1--44--+416--=— =55
[ } 2 + 4 4 2

VarX] = E[X?] - (B[X])’ = g = 1.5.

b. Let X,, be a sequence of i.i.d. Bernoulli (0,1) random variables with
P(X;=1)=p=1—P(X; =0) and let

Y, =X1 + XiXo + X1 Xo X5 +---.

Does Y,, converge almost surely to a constant? (Just answer Yes or No
— proof is not required.) If it does converge almost surely to a constant
indicate the constant. Find the mean of Y,, as n — oc.

Solution: No, Y,, does not converge to a constant almost surely. Y, is
a sum of nonnegative random variables so Y,, is not approaching any
constant value. We find (you can assume 0 < p < 1)

=L 0<p<t.
L=p

hE

BV =p+p +p°+ =

k=1



Problem 2. (20 points.) A random variable X has pdf

0, elsewhere.

a. Find the cumulative distribution function (cdf) of X.
Solution:
©1
F(x) = / —u~ ' du
12

which becomes
-1, 1<z<A4,
F(x)=4¢ 1, x >4,

0, elsewhere.

b. Find P(X > 2). Write the probability you compute in numerical form.

Solution:

P(X >2)=1-F(2) =2 -2 =0.5858.



Problem 3. (20 points.) Suppose the two-dimensional continuous random
variable (X,Y") has joint pdf

B l»_|_y’0<l'<1,0<y<1
ny(x,y) - { 0, elsewhere.

a. Find fxy(z|y).

Solution:
1
i) = [ fleyde
1
= /(](:B—I—y)dz
N
Hence,
fXY(iE,y)
fxwlely) = DOEE
Wl = TR
which becomes
2r + 2y
, O<z<l, O0<y<1
Fxp(aly) =4 T+2y Y
0, elsewhere.

b. Let B ={X +Y > 1/2}. Find P(B).
Solution: P(B) =1— P(B), where B ={X +Y < 1/2}.
_ /2 p1/2—y
P(B) = /0 /0 fxy (z,y)dzdy

1/2 r1/2—
= / / y(:c + y)dxdy
o Jo

1
1

[N}

Thus,

P(B) = 3+



Problem 4. (20 points.) Let X and Y have joint pdf

Woo<y<a<?

fxv(z,y) = { 2

0, elsewhere.
Let Z=X+Y.
a. Find the pdf of Z.

Solution:

Fyp(2) =P(Z<z)=PX+Y <2).
Let W = X then X = W and Y = Z — W. The transformation has
Jacobian 1 thus

fz(z) = /fxy(w,z —w)dw.

There are two case to consider:
)0<2<2= 3 <w< 2z Weget

1
fz(2) = /2/2 §w(z —w)dw = ;—4

ii)2<z§4:>§§w§2. We get

2 3
fz(z) = /2/2 %w(z —w)dw = —;—4 +2z— %
Hence,
53
o 0<2<2,
fa(z) = —§+z—§, 2 <z <4,
0, elsewhere.

b. Find P(Z < 1).

Solution:

1

1 1,3
P(Z < 1) = Fz(1) :/0 fal2)de = | —dz= o



Problem 5. (20 points.) The random variable N is Poisson distributed with
parameter A > 0 with pmf

)\k

e k=0,1,2,...
P(N=Fk)={ k!

0, elsewhere.

Let pE (0, 1) and let Xl,XQ, ... beii.d. with P(XZ = 1) =P, P(XZ = 0) =
1—pandlet S, =X;+ Xo+ -+ X,, where we define Sy = 0. Here N and
Sy, are independent for every n. Let Y = Sy (the N in Sy is the Poisson
random variable). Let Z = N — Y so that Y + Z = N.

P(N > k)
P(N =k)
Ak — a. Specify any restrictions on a for this limit to exist.

a. Find lim where the limit is taken with A — oo, k — o0,

Solution: Let C denote the conditions A\ — oo, k — oo, Mk — a.

Then
CPINZR) T e xR
hcr”nP(N:k:) = hén %6_’\ —llén;km!A
o k!
uz:;(u—l—k:)!
which becomes
I P(N > k) 14 A N 2 N 3
im————r =
¢ P(N =k) E+1 (E+2)(k+1) (K+3)(kE+2)(k+1)
or
i P(N >k) - A N A2
OP(N=Fk K1+ 1/k) K21+ 2/k)(1 + 1/k)
)\3
kE3(1 4+ 3/k)(1+2/k)(1+1/k)
o0 )\U
N ugorw:l(kﬂ')
)\3
kE3(14+3/k)(1+2/k)(1+1/k)
o= (AR
ug(] [Lo (1 +i/k)

5



or

Thus,

or

]' e u
& P(N = k) u;a

= l+ata*+a®+---.

_ P(N>k) 1
lim =

¢ P(N = k) l-a
L PVER) 1
O P(N=k — 1-\k

provided 0 < a = Ak < 1.

. Show that Y and Z are independent.

Solution:

PY=y Z=z2) = PY=yZ=2IN=y+2)P(N=y+2)

y (y + 2)!
_ w0y,
ylz! '
P(Y=y) = ) P(Y =y|N=n)P(N=n)
nzy
n ey A"
— Z( )pyq y_'e A
nsy \Y n!
- n\ (Ag)"
= plgve < )
n%:y y) n!
_ pye—)\ Z )\nqn—y
_ pye A y )\nqn
yl 50 n!



Hence,

(Ap)ve

(Ag)"

y!

y!
_ ()‘p)y —Ap
=
= > P(Z=z|

nzy

220

D

n>z

p—zqze—)\ Z

n>z

p—zqze—)\ Z

n>z

p—zqze—)\

n>0
()\p)ye—k(zﬁq) P

n!

N =n)P(N =n)

Y P(Y =N —z|N =n)P(N =n)

n n—z z)\n —A
PTG e
n—=z n:

(Ap)"

n!

()

(Ap)"

(n — 2)!2!
(Ap)"

D

|
z! oot

(Ag)7e™

(n—2)!

(Ap)"

>

|
z! >0

()\q)ze—)\(;n-l-(I)

u!

P

so, Y and Z are independent.



