EE 564

Homework 4 Solutions

Problem 1. In class we showed
Ent)n(t+ 1) = ¢u(7)cos2m fot cos2n fo(t + 7)
+¢yy (7)) sin 27 fot sin 27 fo(t + 7)
—@uy(T) sin 27 fot cos 2w fo(t + 7)
— @y (T) cOs 2 fot sin 27 fo(t + 7)

and concluded

Gnn(T) = Puu(T) COS 2T foT — Py (T) sin 27 f 7.

Show how the last result is obtained from the prior expression.

Solution: Using

1
cosAcos B = 5 [cos(A — B) + cos(A + B)]

1

sinAsin B = 5 [cos(A — B) — cos(A + B)]
1

sinAcos B = 3 [sin(A — B) +sin(A + B)]

the above becomes

En(On(t+7)] = = [¢aa(r) + by (7)] cos 27 fu7

2
% [022(T) — Gyy(T)] cOS 27 fo(2t + T)
— = [Py (T) — Guy(7)]sin 27 for

B % [Pya(T) + Puy(T)] sin 27 fe(2t + 7).

N | —

Since n(t) is stationary the right-hand side of the last expression must be
independent ot . Thus, we must have ¢,,(7) = ¢y, (7) and ¢uy (7) = — @y (7).
Hence, we get

Gnn(T) = Pua(T) COS 2T foT — Gy (T) sin 2 fo7

1



which was to be shown.

Problem 2. Show that
@nn(.f) = / [Re(¢zz(7)ej27rfc7)} 6—j27rf7—d7_

becomes

énn(f) = [ézz(f - fc) + q)zz(_.f - fc)] .

1
2
Solution: Using
1 *
Re(z) = 5(2 +2%)
we get
1 yo0 , ' '
Pun(f) = 3 / (622 (7)™ 4 7 (7)e 2| eI
1 i . -
N 5/ ¢zz(7)€”27rf”6_j2”ﬁd7+/ 7 ()3T =2 T g

1o | - |
- 5/ ¢22(7)7€_J2W(f_fc)7d7+/ ¢ (T)re Iy

= S[Be(f — f) DL f — £

since @, is real.

Problem 3. We stated in class that the equivalent lowpass noise z(t) has a
power spectral density

) No, |fI£B/2
QI>Zz(f)—{o,o 71> B2

Show that the corresponding autocorrelation function is

sinmtBT

¢zz(7) = N(] i .




Solution:

Gue(T) = / CDZZ(f)ej%def
B/2 ,
- / Noe?™I7f
—B/2
1 . .
_ j2nB/2T _ _—j2nB/2T
N N0j27r7‘ (6 ¢ )

sinTtBT
= Ny )
T

Problem 4. Hilbert transforms are sometimes encountered in the analysis of
narrowband systems. Given a real-valued function z(t), its Hilbert transform,
denoted z(t), is defined by

where

with corresponding frequency response

H(f)={ 0, f=0
J, [ <0

The integral above is to be interpreted as the principal value of the integral,
that is, for a function g(t)

means
lim [/_ g(t)dt +/ g(t)dt] .
a. Show Z(t) = —x(t), that is, the Hilbert transform of the Hilbert trans-

form of x(t) equals —xz(t).



Solution: We may write

H(f) = —=j-sgn(f)

and note that z(t) results from passing z(¢) thru a filter with this
response. Hence, a double Hilbert transform results from passing z(t)
thru a cascade of two such filters with transfer function

H(F) = [ - sgn()]F = -1
yielding Z(t) = —x(t).
. Show the Hilbert transform of z(t) = cos(wt + ¢) is Z(t) = sin(wt + ¢).

Solution:

i(t) B _/oot—’T

B _/00 cosz—l—gde

t—T7
_ __/°° cos(w (U+t)+¢)
B T J—o0 u
which becomes
Mt) = _1/00 cos(wt —l—ugb) coswudu_l_ %/00 sin(wt +u¢) sinwudu‘

The principal value of the first integral is zero since the integrand is
odd. Therefore,

R sin(wt + o ginwu
sy = SED) [ s,
T —00 u
But,
0 gin wu
/ du=m
—00 u
SO

Z(t) = sin(wt + ¢).



c. Using [a] and [b] show that the Hilbert transform of y(t) = sin(wt + ¢)
is g(t) = — cos(wt + ).

Solution: Let z(t) = cos(wt + ¢). Then,
Z(t) = sin(wt + @) = y(t).
Hence,

§t) = 2(t) = —x(t) = — cos(wt + ¢).



