EE 484

Spring 2016 Midterm Exam Solutions

Problem 1. [12 points]. Suppose Xi, Xs,... are each independent and
normally distributed with mean zero and variance one (standard normal).
Define Y7 = X7 and for n = 2,3,4, ... let

Y,=aX,+(1-a)Y,-1, 0<a<l.

a. Compute E[Y,Y,,] as a closed form function of n, m and « for n > m.
Simplify as much as possible.

b. Evaluate your expression for F[Y,,Y,,] using n = 10, m = 5 and a = 0.2.

Solution:

i = Xy
Yé = OéXg—l—(l—Oé)Xl

Yn = OéXn + (1 — Oé)OéXn_l —+ (1 — Oé)zoéXn_2 + e 4 (1 _ Oé)n_zOéXg + (1 _ a)n—le

which may be written as
—aZl—a Xpp+ (1 —a)" X,

Similarly,

m—

Z (1—a)" X+ (1—a)™ 1 X.

Since F[X,X,,] = 0 for n # m and E[X?] = 1 we find for n > m

m—1
ElY,Y,] = &) (1—-a)" "™ (1 —-a) +(1—a)tm?

J=0

m—1
= 1-a)""™ > (1—a)¥ +(1—a)"™>.
7=0
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Computing the sum we find for n > m

n—ml B (1 B a)2m

E[Y,Y,] =a*(1 - «) 0 _ap

+ (1 _ Oz)n+m_2.

Evaluating this expression for n = 10, m =5 and o = 0.2 we get
E[Y10Y5] = 0.08526.

Problem 2. [10 points]. Consider a real Gaussian random sequence x(n), n
an integer, with

Bla(n)) =0, E[a(n)’] =1, Ele(n)z(m)] = p" "
where 0 < p < 1. Let
y(n) = 2x(n) + 2.

a. Is x(n) wide sense stationary?

Solution: Yes.

b. Find the covariance of y(n) and state whether or not it is wide sense
stationary.

Solution: Ky (n,m) = 4p"™l. Yes it is WSS.

Problem 3. [10 points]. Consider a wide-sense stationary random process
X (t) with autocorrelation function

7]

Y

Rx(r) =
0, |7| > T.

Find Sx(f), the power spectral density of X (t).

Solution: We recognize that Rx(7) is the convolution of a rectangular func-
tion with itself. Let

L |r|<T/2

Rect(7) = { 0, |7 > T2
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Then

Sx(f)=F[Rx(r)] = F l\/LTRect(T) * %Rect(f)]
1 1
= F [\/—TRect( )] - F [ﬁRect(T)] .
Now 1 1 7/ 1 sinafT
F [ﬁRect(T)] = \/—T/—T/z eIt = T af
Hence, )
sv() = (22T)



Problem 4. [6 points]. What are the two primary sources of error that lead
to pointing losses by an antenna?

Solution: The primary sources of pointing error are imprecise knowledge
of where the receiver is that you want to point to and also the inability of
pointing exactly where you are trying to point due to imperfect control of
mechanisms used to point the antenna.

Problem 5. [6 points|. Suppose a certain system that utilizes an A/D
converter has 7 effective bits. It has been determined that 8 effective bits are
needed. One could use another A/D coverter that has more physical bits.
However, if that is not possible one can require that SINAD increase. How
much would SINAD have to increase to obtain 8 effective bits instead of the
current 7 effective bits?

Solution:

SINAD — 1.76
6.02

Effective number of bits =
so we need to increase SINAD by 6.02 dB to get another effective bit.

Problem 6. [16 points]. Consider a signal detector with an input
r==xA+n

where +A and —A occur with equal probability and the noise variance n is
characterized by the Laplacian density

1 —|n o
p(n) = Et? Inlv2/ .

a. Derive the probability of error as a function of A and o.
Solution: P, = %e‘\/ﬁA/”.

b. Find the SNR (= A?%/0?) required to achieve an error probability of
1075,

Solution: P, = %e‘szNR =107° = SNR = 17.67dB.



c. Repeat part (a) for the Gaussian density

1 6_n2/20_2‘

p(n) = 2ro

Solution: P, = Q (VSNR).

d. Repeat part (b) for the above Gaussian density and compare the results
you got using the Laplacian and Gaussian densities.

Solution: P. = 107 = SNR = 12.59dB so is 5 dB less than the
Laplacian case

Problem 7. [10 points|. A receiver front end has a noise figure of 8 dB and
a gain of 60 dB and a bandwidth of 7 MHz. The input signal power is 107!
W. The antenna temperature is 165 K.

a. Find T¢, Ts, Nowr, SNR;, and SN Ry

Solution:
T, = (F—1)-290 K = (10"~ 1) -290 K = 1540 K
T, = T,+T, =165 K+ 1540 K = 1705 K
Now = G-k-B-T,=165x10""

Si
NR;,, = —'_ —627.39=27.98 dB
SNR B 627.39 = 27.98 d
SNR,,; = %'G=60.72=17.83 dB.
out

b. Repeat part [a] but using an antenna temperature of 8000 K (the sun
is in the field of view).

Solution:

T, = 1540 K
T, = T,+7T.=8000 K + 1540 K = 9540 K
Now = 9.22x1077
SNR;,, = 12.94=11.12 dB
SNR,; = 10.85=10.35dB.



Problem 8. [12 points]. Suppose we have BPSK modulation and we imple-
ment an error correction code, say, a (15,7) binary BCH code (n = 15, k = T7).
This code can correct 2 bit errors in a block of size 15 bits. Plot on the same
graph B, vs. E}/Ny for both the uncoded and coded waveform. Your Ej/Ny
values should be in dB on the plot and should cover a range starting at 0 dB
and extending far enough so that P, = 107!? appears on the graph. Your
plot should be done using a software package such as Excel or Matlab. Your
P, values should be plotted using a log scale.

Solution: For the uncoded case we have

2F,
Bye = — .
ol
For the coded case we have

P —iik 19) pr (1 — Pype)® "
b,c — 15 Pt k‘ b,uc b,uc .

In plotting the coded case we have to account for the overhead by adjusting
the uncoded E,/Ny (dB) scale by 10logy, (%) = 3.31 (dB) or else account
for the E}/Ny change directly in the evaluation of the Q-function. See the
plot below.

Problem 9. [18 points|. Suppose we have an 8-bit A/D converter. Let
us number these 256 levels from 1 to 256. Then the 0 voltage level lies
halfway between levels 128 and 129. Suppose we have an input to the A/D
consisting of two sinusoidal signals and noise of the form

s(t) = Ay cos(2m fit) + Az cos(2m fot) 4+ n(t)

where n(t) is AWGN. Suppose that A; = 10, A, = 5, fi = 2000 Hz and
fo = 3000 Hz. Assume that at any particular sample time n(t) is mean 0
with variance 02 and is independent from sample to sample. Suppose each
level of the A /D corresponds to a 1 volt change. Say we have a gain stage at
the input to the A/D that we can apply to s(t) to form cs(t). We would like
to find the maximum value of the constant ¢ so that the output of the A/D



from time 0 to infinity will clip no more than one percent of the time.

Note that this problem is not asking that the probability of clipping at the
peak of s(t) is 0.01. Rather, it is asking for the maximum value of ¢ so that
the output observed over a long time will clip no more than one percent of
the time.

a. Using a sample rate of f, Hz, give an analytical expression that one
would have to evaluate to determine if a particular ¢ would work, in
general.

b. Suppose the composite signal s(t) is sampled at 15000 Hz and the
noise variance is 02 = 1. Find the numerical value of ¢ required in the
problem.

c. Suppose the composite signal s(t) is sampled at 150000 Hz and the
noise variance is 02 = 1. Find the numerical value of ¢ required in the
problem.

Note: If you use Matlab to aid you in part [b] and/or part [c] remember
to hand in your code. Your Matlab code should only be used to evaluate
analytic expressions (possibly iteratively until the correct ¢ is found), not to
perform a simulation where you simulate s(¢). Credit will not be given for
answers obtained via a simulation of s(t).

Solution: Letting s(n) = s(nTy) = s(n/fs) we obtain

s(n) = Ay cos(2mnfi/fs) + Ascos(2mnfa/fs) +n(n/fs).

At sample n, X(n) = cs(n) is normally distributed with mean px(n) =
cAjcos(2mnf1/fs) + cAg cos(2mnfa/ fs) and variance 0% = c*0?. The max-
imum A/D level before clipping is Max=127.5 and the minimum level is
Min=-127.5. Thus

P(X(n) >Max) = P (X(n) — px(n) > Max _:UX(H)>




and

P(X(n) <Min) = P <X(”) —px(n) _ Min - ux(n)>

We must solve for ¢ via
1 =2 (Max — ux(n) 1 = Min — px(n)
— _— — 1-— _ =0.01
voe (M) ey g i-e

or

<127.5 — cAjcos(2mnfi/fs) + cAy COS(Qanz/fs)>

co

1 N-1

N2

+% Ni ll 0 <—127.5 — cAjcos(2mnfi/ fs) + cAq COS(Qmﬁ/fs))] = 0.01
n=0

co

where N varies over one period of the sampled waveform. Using f, = 15000
Hz we find N = 15 and ¢ = 7.95. Using f; = 150000 Hz we find N = 150
and ¢ = 8.2.
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